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Comparison of the SHUC and three IRS cases 

 SHUC ca se
 IRS: i o a nd k cons ta nt  
 IRS: only k cons ta nt 
 IRS: i o a nd k va ry  

Dimensionless rainfall rate: 1.5

Parameters: alpha = 5 and beta = 8

Figure 1.  Infiltration rates for the SHUC case and three IRS cases 
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Comparison between the SHUC and the KID case with io and k varying 

 SHUC case
 KID: io and k vary  

Derivations based on Horton's infiltration formula

Dimensionless rainfall rate: 1.5

Parameters: alpha = 5 and beta = 8

Figure 2.  Infiltration rates for the SHUC case and the KID case when all parameters vary.  





Stochastic (Groundwater) Equation. #1
 

Classical deterministic Boussinesq equation 
 

S ∂Hr
∂t

− div.[Tr (grad.Hr )] = q
 

with usual symbols but with the
added subscript r to indicate that 
such a subscripted variable is
actually a random variable.  To 
simplify let us only consider the
steady-state case in just one 
dimension and with no recharge or 
withdrawal rate within the
domain.  
 

∂
∂x

[Tr (∂Hr
∂x

)] = 0 



Stochastic (Groundwater) Equation. #2
 

∂
∂x

[Tr (∂Hr
∂x

)]= 0 
 

Define:  Hr (x) = H(x) + h(x) 
 

H(x) is the mean value of Hr(x).
   

The expected value of h is zero. 
 

Similarly: Tr (x) = TL (x)eθ(x) 
 

The expected value of θ  is zero. 
 

The random variable θ is defined 
by its variance:  σθ

2(x)  and 

covariance:  C
θ ,θ' (x, x' ).  

   

Given values and functions.  
 



Stochastic (Groundwater) Equation. #3
 

∂
∂x

[Tr (∂Hr
∂x

)] = 0 

 
Substitution (with previous definitions) :  
 

∂
∂x

[TLe
θ ∂H
∂x

+ TL(∂he
θ'

∂x
)x' =x ] = 0

 
 

Taking expectation, defining:  TA = TLe
1
2σθ

2

 
 

∂
∂x

[TA
∂H
∂x

+ TA(
∂Chθ'

∂x
)x' =x ] = 0 

 
 

Problem?  One equation and two unknowns:  
 

H (x) and Chθ' (x,x') 



Stochastic (Groundwater) Equation. #4
 

Premultiply the stochastic equation  

∂
∂x

[TLe
θ ∂H
∂x

+ TL(∂he
θ'

∂x
)x' =x ] = 0

 
 

by random variable  θ' (x' )  and take expectation 
leading eventually to:  
 
 

∂
∂x

[TACθ,θ ' {
∂H
∂x

+ (
∂Chθ'

∂x
)x' = x}+ TA (

∂Chθ '

∂x
)] = 0

 
 

Now this is a system of two equations for two  
unknowns for all x and x' within the domain of 
interest.  

Typical choice for:    C
θ ,θ' = σθ

2e
− x− x' /D

 


